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$=$ {Scalar $\mathrm{c}\mathrm{u}\mathrm{r}\mathrm{v}\mathrm{a}\mathrm{t}\mathrm{u}\mathrm{r}\mathrm{e}(1)\oplus \mathrm{E}\mathrm{i}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{i}\mathrm{n}_{(9)}\}\oplus\{\mathrm{S}\mathrm{D}\mathrm{W}\mathrm{e}\mathrm{y}1_{(5)}\oplus \mathrm{A}\mathrm{S}\mathrm{D}\mathrm{W}\mathrm{e}\mathrm{y}1_{(5)}\}$
,
DEFINITION 1.1 $(M,g)$ ,
$(ASD Weyl=0)$ $\mathrm{A}\backslash$ .
$SU$ (2) 4 .
$S\mathfrak{i}J$(2)”M $=S^{3}\cross \mathbb{R}$
$M$ $SU$ (2) $S^{3}$ .
[5] $SU$ (2) (generic ), 2
\sim (( $1)^{2}/2,\overline{\theta}_{0}^{2}/2,$ $-\theta_{1}^{2}/2,(1+\overline{\theta}_{1}^{2})/2$)
( Appendix ).
[21 .
$SU$ (2) ( ) $SL(2,\mathbb{C})$ pre-homogeneous
. , $\mathbb{C}\mathrm{P}^{1}$ .
, .
, [5] ( ) , [41





$g=w_{1}w_{2^{\mathrm{V}1^{J}}3}dt^{2}+ \frac{w_{2}w_{3}}{w_{1}}\sigma_{1}^{2}+\frac{w_{3}w_{1}}{w_{2}}\sigma_{2}^{2}+\frac{w_{1}’w_{2}}{\mathcal{W}3}\sigma_{3}^{2}$ , $(w_{i}=w_{i}(t))$
. , $\sigma_{i}$ $SU$ (2) 1 ,
$d\sigma_{1}=\sigma 2\wedge\sigma$3, $d\sigma_{2}=\sigma 3\wedge\sigma$1, $d\sigma_{3}=\sigma 1\wedge\sigma$2






generic , ( $P_{VI}((\theta_{0}-1)^{2}/2,\overline{\theta}_{0}^{2}/2, -\theta_{1}^{2}/2,(1+\overline{\theta}_{1}^{2})/2)$
, .
, . .
, $P_{VI}$ $P_{III}$ , scalar-flat
K&ler $P_{lll}$ $[10, 11]$ .








1. $h_{\mathrm{I}}(1/8,1/8, -1/8,5/8)$ , Weyl
Ricci 0( Riemaim )
.
2. $f4\mathrm{I}$ (0,1/2, -1/2, 1) , Weyl $(g,D)$
.









$\dot{w}2=-w3w1$ $+w2$ $(\alpha_{3}+\alpha_{1})$ ,
$\mathrm{M}^{i}3=-$w11’2 $+w_{3}$ ( $\alpha_{1}+\alpha_{2}$ ), (2)
$\dot{\alpha}_{1}$ $=-\alpha$2 $\alpha 3+\alpha$1 ( $\alpha_{2}+\alpha$3),
$\dot{\alpha}2=-\alpha$3 $\alpha 1+\alpha$2( $\alpha_{3}+\alpha$1),







, $q(x)$ $P_{VI}((\sqrt{2k}-1)^{2}/2,k,$ $-k,$ $(1+2k)/2)$ .
$X$ , $\frac{dx}{dt}\neq 0$ .
, $\tau tdx$
.
$=0$ , $P_{I/I}(0,4_{\rangle}4, -4)$ [4].









$t=t$ (\mbox{\boldmath $\tau$}), $a=a(t.),$ $b=b$ (t), $c=c$ (t) ,
$(\begin{array}{l}\hat{\sigma}_{1}\delta_{2}\hat{\sigma}_{3}\end{array})=R(t)(\begin{array}{l}\sigma_{1}\sigma_{2}\sigma_{3}\end{array})$ ,
, $R$ (t) SO(3) .
$\dot{R}R^{-1}\in\epsilon \mathrm{o}(3)$ ,
$d(\begin{array}{l}\hat{\sigma}_{1}\hat{\sigma}_{2}\hat{\sigma}_{3}\end{array})=R(t)(\begin{array}{ll}\sigma_{2}\wedge \sigma_{3}\sigma_{3}\wedge \sigma_{1}\sigma_{2}\wedge \Phi\end{array})+\dot{R}dt\wedge$
$=(\begin{array}{ll}\theta_{2}\Lambda \delta_{3}\hat{\sigma}_{3}\wedge \hat{\sigma}_{1}\hat{\sigma}_{\mathrm{l}}\wedge \hat{\sigma}_{2}\end{array})+$ $dt\wedge(\begin{array}{l}\theta_{\mathrm{l}}\theta_{2}\hat{\sigma}_{3}\end{array}),$
,
$\#.1$ $(\xi_{1}=\xi_{1}(t), \xi_{2}=\xi_{2}(t),$ $\xi_{3}=\xi_{3}(t))$ .
$\xi_{1}=0,$ $\xi_{2}=0,$ $\xi_{3}=0$ .
.




. , ( )
[10, 11, 12] :
$\alpha 1=-\alpha$2 $\alpha 3+\alpha$1 $( \alpha_{2}+\alpha_{3})+\frac{1}{4}(w_{2}^{2}-w_{3}^{2})^{2}(\frac{\xi_{1}}{w_{2}w_{3}})^{2}$
$+ \frac{1}{4}$ ($w$i-w21)(3w$21+w3$ ) $(, \frac{\xi_{2}}{w_{3}w_{1}})^{2}$















$+ \frac{\xi_{3}}{w_{1}w_{2}}$ ( $\alpha_{1}w_{1}^{2}$ $\alpha_{2}w_{2}^{2}+3\alpha_{1}w_{2}^{2}-3\alpha_{2}w_{1}^{2}$ ).
REMARK 3.1 $\xi_{1}=0,$ $\xi_{2}=0,$ $\xi_{3}=0$ , (4), (5), (6) (2) .
, $\alpha_{1}=w_{1},$ $\alpha_{2}=w2,$ $\alpha_{3}=w3$ , Atiyah-Hitchin [1]
. , $\alpha_{1}=0,$ $\alpha_{2}=0,$ $\alpha_{3}=0$ , ,
BGPP [3] .
REMARK 3.2 $w2=w3$ , $\xi_{1}=0$,











, $\omega_{j}^{i}$ dei+\mbox{\boldmath $\omega$} $\Lambda e^{j}=0$ $\omega_{j}^{i}+\omega_{i}^{j}=0$ .
$(M,g)$ [2]:
$d\Theta_{1}\equiv 0$ , $d\Theta_{2}\equiv 0$ , $d\Theta_{3}\equiv 0$ $(\mathrm{m}\mathrm{o}\mathrm{d} \Theta_{1},\Theta 2,\Theta_{3})$ .
Theorem 4.1 , Pfaff
$\Theta_{1}=0$ , $\Theta_{2}=0$ , $\Theta_{3}=0$




REMARK 4.2 $TM^{\mathbb{C}}$ $M$ . $\mathscr{C}=\{a\in TM^{\mathbb{C}}|g(a,a)=0\}$
null cone . null cone $a\in TM^{\mathbb{C}}$ ,
$\Theta_{1}(a+\lambda\frac{\partial}{\partial z})=0$ , $\Theta_{2}(a+\lambda\frac{\partial}{\partial_{\sim}7})=0$ , $\Theta_{3}(a+\lambda\frac{\partial}{\partial z})=0$ , (7)
$\lambda,z$ , (7) $\lambda\in \mathbb{C},$ $z\in \mathbb{C}\mathrm{P}^{1}$
$a\in \mathscr{C}$ .
$SU$ (2) , :
$(\begin{array}{l}\Theta_{1}\Theta_{2}\Theta_{3}\end{array})=(\begin{array}{l}001\end{array})dz+$ $dt+A(\begin{array}{l}\sigma_{1}\Phi\sigma_{3}\end{array})$ , (8)
$v_{i}=v_{i}$ (z, $t$ ), $A=$ ( $a_{ij}$ (z, $t$ )) ( $z$ ).
, $\det A\equiv 0$ , , BGPP [3] .
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$\det A\neq 0$ . ,
$(\mathrm{m}\mathrm{o}\mathrm{d}.)$ 1, $\Theta$)2, $\Theta$3)(9)$(\begin{array}{l}\sigma_{1}\sigma_{2}\sigma_{3}\end{array})\equiv-A^{-1}$ ( $dz+$ $dt$),
.
(10)$(\begin{array}{l}s_{1}s_{2}s_{3}\end{array}):=-A-1$ ( $dz+$ $dt$),
,
$d(\begin{array}{l}s_{1}s_{2}s_{3}\end{array})\equiv(\begin{array}{ll}s_{2}\Lambda s_{3}s_{3}\Lambda s_{1}s_{1}\Lambda s_{2}\end{array}).$
,
$(\mathrm{m}\mathrm{o}\mathrm{d} \Theta_{1},\Theta_{2},\Theta_{3})$ (11)
, $s_{1},s_{2},s_{3}$ $(z,t)$ 1 , (11)
:
$d(\begin{array}{l}s_{1}s_{2}s_{3}\end{array})=(\begin{array}{l}s_{2}\Lambda s_{3}s_{3}\Lambda_{\wedge}s_{1}s_{1}\Lambda s_{2}\end{array})$ (12)
,
$\Sigma=\frac{1}{\sqrt{2}}(\begin{array}{ll}\sqrt{-1}s_{2}^{r} .\sqrt{-\mathrm{l}}-s_{1}+s_{3}’\sqrt{-1}s_{3s_{\mathrm{l}}+} -\sqrt{-\mathrm{l}}s_{2}\end{array})$ (13)
$=:-B1$ $dz-B_{2}dt$ , (14)
,
$d\Sigma+\Sigma\wedge\Sigma=0$ (15)
. \yen $J$ [6] :
$( \frac{d}{dz}-B_{1})(\begin{array}{l}\mathcal{Y}1\mathcal{Y}2\end{array})=0$. (16)
Lemma 4.3 $B_{1}$ $z$ ,
$B_{1}= \frac{F(z)}{G(z)}$ ,
$F$ (z) 2 , $G(z)$ 4 . ,
, $\sim 7\vdash+-1/\overline{z}$ , $B_{1}\vdash+-^{t}B$ 1 .
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$B_{1}$ (generic ) 4 1 , (16)
$\mathrm{V}\mathrm{I}$ .
lemma 4.3 , $B_{1}$ : $\zeta 0,$ $-1/\overline{\zeta}_{0},$ $\zeta_{1},$ $-1/\overline{\zeta}_{1}\in \mathbb{C}\mathrm{P}^{1}$ .
, $B_{1}$ :
(a) $B\iota$ 4 1 $\zeta 0,$ $-1/\overline{\zeta}0,$ $\zeta_{1},$ $-1/\overline{\zeta}_{1}$ .
$B_{1}= \frac{A_{0}}{z-\zeta_{0}}+\frac{-^{t}\overline{A}_{0}}{z+1/\overline{\zeta}_{0}}+\frac{A_{1}}{z-\zeta_{1}}+\frac{-^{t}A_{1}^{-}}{z+1/\overline{\zeta}_{1}}$ ,
$P_{I}$ ( $\frac{1}{2}$ $($ $-1)^{2},$ $\frac{1}{2}\overline{\theta}_{0}^{2},$ $- \frac{1}{2}\theta_{1}^{2},$ $\frac{1}{2}(1+\overline{\theta}_{1}^{2})$),
, $\theta_{0}^{2}=2$ 02, $\theta_{1}^{2}=2\mathrm{t}\mathrm{r}A_{1}^{2}$ .
(b) $B_{1}$ 2 2 $\zeta,$ $-1/\overline{\zeta}$ .
$B_{1}= \frac{A_{2}}{(z-\zeta)^{2}}+\frac{\sqrt{-1}C}{z-\zeta}+\frac{-\sqrt{-1}C}{z+1/\overline{\zeta}}+\frac{-^{t}\overline{A}_{2}/\overline{\zeta}^{2}}{(z+1/\overline{\zeta})^{2}}$ ,
, $C=-^{t}\overline{C}$ .
$P_{l}$H $(4\theta,4(1+\overline{\theta}),4,$ $-4)$ ,
, $\theta^{2}=2(\mathrm{t}\mathrm{r}(A{}_{2}C))^{2}/\mathrm{t}\mathrm{r}C^{2}$.
REMARK 4.4 scalar-flat K\"ahler $P_{I\Gamma l}(0,4,4, -4)$
[4], (b) , .
<, Remark 4.2 ,
.







$\lambda,z$ . , (17) $\lambda\in \mathbb{C},z\in \mathbb{C}\mathrm{P}^{1}$
,




( $\sigma_{1},\sigma$2, $\sigma$i3) $\vdasharrow(\sigma_{1}, -\sigma_{2}, -\sigma_{3})$ , (18)





, B1|\sim 7 ‘\tilde - $=\overline{B}1$ . :
(a) $\theta_{0}^{2}=\underline{9}\{\mathrm{r}A_{0}^{2}\in \mathbb{R}$ $\theta_{1}^{2}=2\mathrm{t}\mathrm{r}A_{1}^{2}\in \mathbb{R}$,
$\theta_{0}^{2}=\theta_{1}^{2}=\underline{9}\mathrm{t}\mathrm{r}A_{0}^{2}=2\mathrm{M}_{1}^{2}\in \mathbb{C}$.





$X_{1}:= \frac{w_{2}^{2}-w_{3}^{2}}{w_{2}w_{3}}\xi$ 1, $X_{2}:= \frac{w_{3}^{2}-w^{\frac{0}{1}}}{w_{3}w_{1}}\xi_{2}$ , $X_{3}:= \frac{w_{1}^{2}-w_{2}^{2}}{w_{1}w_{2}}\xi_{3}$.
,
Theorem 5.1[12] scalar-flat K\"ahler (
$III$ ) ,
$X_{1}^{2}=4\alpha_{2}\alpha_{3},$ $X_{2}^{2}=4\alpha_{3}\alpha_{1},$ $X_{3}^{2}=4\alpha_{1}\alpha_{2}$ .
.
Example 5.2 , $P_{III}(4,8,4, -4)$ :
$\alpha_{1}=0$ , $\alpha_{2}=.\frac{(w_{1}-w_{2}’)(w_{2}-}{w_{2}+w_{3}}\underline{w_{3})}$ , $\alpha_{3}=-\frac{(w_{2}-w_{3})(w_{1}+w_{3})}{w_{2}+w_{3}}$ .
, $(D,g)$ .
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Example 53 , $\in PvI$ :
$\alpha_{1}=\frac{w_{1}w_{2}-w_{1}w_{3}-w_{3}\alpha_{2}+w\underline{0}\alpha_{3}}{w_{2}-w3}$ ,
$X_{1}^{2}=(w\underline{\mathit{0}}-w3)^{2}-$ (a2-(x3)2, $X_{2}=0$ , $X_{3}=0$
, $(g,D)$ .




Painlev\’e Gambier 6 [13].









$5$ . Painleve’ $\mathrm{V}$
$\frac{d^{2}q}{dx^{2}}=(\frac{1}{2q}+\frac{1}{q-1})(\frac{dq}{dx})^{2}-\frac{1}{X}\frac{dq}{dx}+\frac{(q-1)^{2}}{x^{2}}(\alpha q+\frac{\beta}{q})+\frac{\gamma q}{X}+\frac{\delta q(q+1)}{q-1}$
6. Painlev\’e VI
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